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Abstract 
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1 Introduction: 

This is the final part of the series started in |[2j and continued in [3]. 

Here, double fibrations are studied, and the functoriality of the direct image 
constructed in for relative X-theory is established, while in the case of "free 
multipUcative" X-theory, the functoriality of the direct image constructed in |3] 
is proved when restricted to "nonfree" multiplicative iC-theory. 

Meanwhile, the work ^ was diffused. The relations between [S] and [5], [3] 
and the present paper will be explained elsewhere. 

Consider two submersions tti : M — > B and 7r2 : B — > S and the composed 
submersion 7r2 o tti : M — > S. The goal of this section is to compare direct 
image with respect to 1^2 ° tti (the "one step" direct image) and the composition 
of the two direct images relative to tti and 112 (the "two step" direct image) for 
topological, relative and multiplicative if-theories. 
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The paper is organised as follows: in partial the construction of a canonical 
("topological") link (see §2.1.2 in [2] for the definition of a "link") between 
representatives of one step and two step direct images in topological if -theory 
of some same vector bundle on M is constructed. This needs some analysis 
of the spectral behaviour of fibral Dirac operators in the adiabatic limit. In 
section |31 the Leray spectral sequence is recalled, and it is explained how a 
("sheaf theoretic") hnk between one step and two step direct image of a flat 
vector bundle can be obtained from this spectral sequence. The equivalence of 
the topological and the sheaf theoretic links is then proved. 

The functoriality of the direct image for relative X-theory is then a direct 
consequence of this equivalence result (see section 

Finally, the caracterisation of the form r (performed in §2.7.2 of [3j) enter- 
ing in the definition of the direct image for multiplicative X-theory suffices to 
establish the functoriality for "nonfree" multiplicative iiT-theory (see section [5]). 

2 Topological X-theory: 

The goal of this paragraph is to construct a canonical link between couples of 
bundles obtained from the same one, by one step and two steps direct image 
from Kl^{M) to Kl^{S). 

2.1 Fibral exterior differential: 

The respective vertical tangent vector bundles associated with vri , 7r2 and 7r2 o tti 
will be denoted by TM/B, TB/S and TM/S. Put some vector bundle £, with 
connexion on M. Call f^y^ (resp. S^j/g) the infinite rank vector bundles 
on S (resp. B) of even/odd degree differential forms along the fibres of tt2 o tti 
(resp. TTi) with values in ^. 

Choose any C°° supplementary subbundle T"M of TM/B in TM/S. Of 
course T^M = ttITB/S. On the fibre of 7r2 o tti over any point s of S, one 
obtains for ^-valued differential forms an isomorphism analogous to formula 
(37) of [2]: 

fM/S = f^K'({s}),^Af/s) (1) 

For any b ^ B and any tangent vector U G T^B/S, call its horizontal lift 
as a section of T^M over 7rf ^(6). For any s G 5", the construction of formula 
(53) of [2] produces a connection on the restriction of £m/b over 7r~^({s}) which 
will be denoted V. We will denote by the exterior differential operator on 
^(■'''2~^({*})j ^m/b) — ^M/s associated to V. 

The "vertical" differential operator c?^« will be denoted by d^^/^ on £m/b 
and d^/^ on £m/s- As was remarked in the third paragraph of §2.1 of [3], 
the difference d'^l^ - d^^/^ - d" (th row (HI)) is (the restrictions to fibres of 
7r2 o TTi of) the operator lt G A^{TB/S)* ® End°'^'^(£M/s) of §2.1 of 3J. It will 
be allways denoted lt here, and considered as an element of Endf^f/s- 
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2.2 Fibral Dirac operators: 

Endow TM/B with some (riemannian) metric g^^^ and ^ with some hermi- 
tian metric h^. Take some riemannian metric g^^^ on TB/S. Put on TM/S 
the riemannian metric for which the decomposition TM/S = TM/B ® T^M is 
orthogonal and which coincides with g^/^ and irlg^^^ on either parts. The 
adjoints in FiIkISm/s will be considered with respect to the scalar prod- 
uct on £m/s obtained from and this riemannian metric (as in formula (38) 
of [2]). These are not the adjoints (neither usual nor special) considered on 
n(^n2^ {{s}),£m/b) in §2-2.4 of [2]. For instance, the adjoint of lt here is not 
TA as it was in §2.1 of [3]. 

Let ^Yie adjoint of d*^/^ with respect to g^''/^ and as endo- 

morphisms of Sm/b, then c?^^/^ and rf^V-B* g^^g g^jgQ adjoint as endomorphisms 
of £m/s because of the choice of a riemannian submersion metric on M . Take 
some positive real number 6*, call dfl* the adjoint of as endomorphism of 
£m/S and put: 

<f = d" + -d^'"" + 6iT and d'* - d"* + id^^/^* + 04 

V" = d" + d"* and = rf*^/^ + d*^/^* (2) 

= / + d''* = + ip^ + 0(tr + 4) 
u 

Let TVy be the endomorphism of £m/b defined as in §2.5 of [3]. Ny multiplies 
fc-degree vertical forms by k, "vertical" meaning forms along the fibres of tti. 
Using T^M, Ny extends to an operator on £m/s throw the identification ([1]). 
Let gg be the riemannian metric on M such that TM/B and T^M are orthogonal 
and which restricts to g^^^^ and p-Tr^g-^ on either part, the observation here 

is that P« = 0^^{d^/^ + df''^*)e-^^ where df'^* is the adjoint of d^'l^ 
with respect to gg and (see [1] definition 5.5 for an analogous result in the 
holomorphic context). The riemanian submersion metric chosen here simplifies 
considerably the form of with respect to the case of T where such a choice 
is not allowed and forces more complicated conjugations than by 9^^ (see [J] 
§5(a)). 



2.3 Introducing some intermediate suitable data: 

Consider some suitable data (rj^^rj^^ip) with respect to tti (and ^ with and 
and g^'^^^). rj^ are endowed with some hermitian metrics. Choose some 
connection V,, on 77^ (which respects either part) and the associated de Rham 
operator P"^" = d^" + [d^^)* on n{B/S,r]^). Consider some function x as in 
§2.3 of [3]. For 6* e (0, 1], one puts 

vi = v'> + p" + + r) 

= V"+ P" + ^I?ri-x(e))V' + (^('T + 4) e End°'^<^ {£m/s ® ^{B/S, 77)) 

(3) 
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where is obtained from and (1 — as V^'' is from V^<^ and 

ij) in the first formula following (38) in Here is extended to forms on B/S 
throw the isomorphism ([T]). The choice of a riemannian submersion metric on 
TM ensures the compatibility of the adjunctions oiip before and after extending 
it to forms on B/S. This result ^ corresponds to [5 proposition 5.9 with 9 = 
and with the extra term 9(ix + '■t)- 

Associated to is a double decomposition 

£m/b (Bv^= KerP^ (KerP^)^ (4) 

which gives a double decomposition of infinite rank vector bundles on S: 

£m/s ® m/S, v^) - n{B/S, KerP^) © n{B/S, (KerP^)^) 

The choice of a riemannian submersion metric induces that this decomposition 
is orthogonal: letp: £m/s®^{B/ S,7j^) — > rj(B/S', KerD^) be the orthogonal 
projection, it is the tensor product of the identity in fl{B / S) and the orthogonal 
projection on the first factor of ([4]). Put = Id — p. For any positive 9 one 
decomposes the operator as a 2 x 2 matrix: 

^^-[p^V^p p^vlp^)-[At K) 

As in §3.3.3 of [2] in the flat case and §2.3 of [3] in the general case, the vector 
bundle Kerl?^ is endowed with the restriction of the metric on £m/b® 'y^, and 
with the connection V-^ obtained by projecting the connection on £m/b © T} 
onto it (in fact p(V © V,,)p, see 0] theorem 5.1 and formula (5.34)). Because 
of the compatibility of orthogonal projections, the exterior differential operator 
on f7(i?/S', KerPji') associated to this connection is = p{d^ © d^'^)p. Put 
X)Vh ^ d^-^ + {d^-^)*, then clearly (d^")* = p{d"* ®{d^")*)p and for any 6i < i 
(to ensure that x(^) = 0), one has 

Al = 2?^« + 9p{LT + i*T)p (5) 

Oi coMTse p{lt + l'^)p is a bounded operator in the L^-topology, and this remark 
with the above equation replaces here equation (5.35) of theorem 5.1 in [4 . 
In the same way, for 9 G [0, \] 

A = p{{d" + d"*) © (d^" + (d^")*))p^ + ep{LT + i*T)p^ 

and Al^p^{{d" + d"*)®{d^'' + {d"^-)*))p + 9p^{iT + L*T)p 

are uniformly bounded operators in the L^-topology. This is because of the 
choice of the riemannian submersion metric and is a simplification with respect 
to the corresponding result proposition 5.18 of [4]. 
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2.4 Estimates on the operator A^: 

First one wants to obtain results analoguous to [1] theorems 5.19 and 5.20. 
There are three differences between the situation here and [1]. The absence 
of conjugation (by Ct in [1] definition 5.4 and (5.10)) due to the choice of 
a riemannian submersion metric is a simplification and does not create any 
obstacle; the presence here of the term 6{lt + l^) not change these results 
because of the fact that lt + is a bounded operator in the L^-topology and 
because of its factor 9; more seriously, the commutator [D^,D^] in [4j which 
corresponds to [V^ ,1)^] in the notations here, is to be replaced by 

Of course the first term has the required majoration property [4] (5.67). The 
operator ip + ip* is a fiberwise kernel operator (along the fibres of tti), and its 
kernel is smooth along the fibered double M Xb M. Thus, if v is a smooth 
vector field on B, the commutator [ip + i/)*, V^"^ m/b®^ ^ ^-.^^j^gj-g 
the horizontal lift of v, a section of T^M), is a fiberwise kernel operator with 
globally smooth kernel. In particular, it is bounded in L^-topology, and so is 
the (super)commutator [tp + ip* +T>^]. The estimate [J (5.67) then follows 
from [4j (5.61) (whose equivalent here holds true). 

The conclusions of theorems 5.19 and 5.20 of 0] remain thus valid here, 
namely the existence of some constant C such that for any 9 < ^ and any 
section s of £m/s © 

\\Alip^s)h. > C (\\p^s\\h^ + (7) 

where || stands for the usual Sobolev iJ-^-norm. 

Secondly, one needs some equivalent of 0] proposition 5.22, particularly the 
estimate (5.71) contained in it. But the proof here is in fact easier than in [4] 
because equation ([6]) provides a simplification of the corresponding proposition 
5.18 in [4], the extra term 9{iT + i-x) is a uniformly bounded operator, (ip + "0*) 
too, and |(V' + V'*) is part of A^, it does not disable the ellipticity of A^ and it 
is taken into account in the obtained estimates: there exist constants c, C and 
9o such that for any 9 < 9o, X £ C such that |A| < jg and any s G Sai/s © v"^: 

\\{X-Al)-'p^sh2<C9\\p^sh2 
\\{X-AI)-'p^s\\h^ <C\\p^s\\l2 

2.5 Two-step direct image representative: 

Choose now some suitable data (C+,C^,(p) for 2?^", and extend p and p-^ to 
^Ai/s © ij^ the following way: p induces the identity on and p^ induces 
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the null map on ^ . Consider then 

_ /A? + (1- xW) + A\\ 
- \ Al Al) 

(It is not essential that the same function x appears here and in ([31)). Equation 
([5]) obviously leads to the following equality for Q G [0, i]: 

A{ + (\-xm{v + ^*) ^V^'^^V + V* +Bv{LT + L*T.)v^V^;^^Qv{iT^L*T)v (9) 

with the same remark (as after ([5])) that p(tT + ^t)'P bounded. 

Using this, the remark after ([6]) above and ([8]) instead of |4j(5.35), (5.49) 
and (5.71) respectively, the analysis performed in §§5(d) and (g) applies 
here. The only difference is that the following equivalent here of the first line of 
[4] (5.89) (for the usual norm of bounded operators in L^-topology) is not true 

\\{A\ + (1 - xmw + ~ - < ce'i^ + |A|) (10) 

The set Ut (or C/i ) where A is supposed to he, defined in [4] (5.76), is such that 
|A| < CiT (or f) and ||(A - Pj")"^!! < f for some constants Ci and Cj. But 
only the following consequence of PH)) 

II {Al + (1 - xmi^ + - Pj«)(A - Pj")-i < C0 

is needed for establishing the equivalent of [1] (5.90). This last estimate can be 
obtained here directly from the remark after ^ and the properties of Ui . 

One obtains firstly the convergence of the resolvent of ^ to any great 
enough positive integral power (A — <^)~'^ to p(A — X'J")~'''p in the sense of 
the norm ||A||i = tr{A*A)i ([4] theorem 5.28), and secondly the convergence 
of the spectral projector of ^ with respect to eigenvalues of absolute value 
bounded by some suitable positive constant a to the orthogonal projector onto 
the kernel of P J« (t4j equation (5.118)). 

Thus the eigensections of ^ corresponding to eigenvalues of absolute value 
bounded by a and the kernel of 2? J" make vector bundles over S x [0, £2] 
for all sufficiently small (but positive) £2- And for any t £ [0, £2], 

[Q^\{t}]-[G-\{t}]^7rl^inl^m) + [v+]-[rn) + [C+]-[C] e <p(^) 

Remark. Of course the convergence holds for the squared operators (v^ 

and (X'J")^ too. In this case, the eigenspaces decompose along the Z/2- 
graduation decomposition of £m/s®^{B I S, and for a nonzero eigenvalue 

of (v^ , the nonsquared operator 2?^ ^ induces a bijection between the two 
parts of the eigenspace. This proves that if PY" is surjective on £g/g®C^ , then 
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^ has no nonvanishing little absolute valued eigenvalue for 9 little enough, 
so that the kernel of ^ converges to the kernel of 2? J" and these kernels 
directly provide a vector bundle on 5 x [0,e2]- 

2.6 Link between one-step and two-step direct image rep- 
resentatives: 

The constructions of §3.1 of [2j (both the families analytic index map and the 
canonical link between different constructions) can be applied to I?^ on any 
compact subset of 5 x (0, 1]. This is because is a compact modification of 
the fibral elliptic operator © . 

This does not work on [0, 1] because of the explosion of A\ ([7]). 

Choose £i e (0, £2) and suitable data (A+, A~, for with respect to the 
submersion {^2 o tti) x Id^^j^ i] : M x [ei, 1] — > S x [ei, 1]. One then obtains two 
vector bundles /C^ on S" x [ei, 1] such that for any G [ei, 1] 

This is obtained on 5 x {1} from the regular construction of §3.1.1 of ,2 and 
away from {1} by parallel transport along [si, 1]. 

Because £1 < £2, and of the considerations above, there is from §3.1.2 of |2] 
some canonical link between ®C") - (5" ®C^) and (/C+ ® A") - (AC" eA+) 
over B x [£1,52]. Represent 7rf"([?7+] — [r]~]) £ K^^^{S) by any difference [^+] — 
of vector bundles on S, one obtains (by adding the identity of and of 
jX^) a link between [Q^ ® C ® M ) ^ ® © M~) which is a representative 

2* {'^ and (/C+®A~®^")-(/C~®A+®/x+) which is a representative 
of (7r2 7ri)E"(e) 

2.7 Independence on the choices: 

Consider two systems of suitable data {Q^ Xi I'^i) and (C2': C2~' '/'z) for I?^". 
Then (KerI?J«+®Cr)-(KerPj«-ffiCi+) and (Ker2?J« + ®C2")-(KerPj«-®C2+) 
are canonically linked from the construction of §3.1.2 of [2], and this link extends 
to some link between (5+ 1 {*} ® Cf ) - (5" I {*} © Ci^) and (0+ 1 ® ) - (g- 1 {tj ® 
(,2) for any t. But both this one and the one between (5+ © C~) — {Q~ © C"*") 
and (/C+ © A~) — (/C~ © A+) used just above are obtained from the construction 
of §3.1.2 of [2], they are thus compatible. 

Now take two systems of suitable data (rj^ , rj^ , ipi) and {rj^ , rj^ , 1P2) with 
respect to tti (and ^ with and and 5*^^^). There is a link between 
(Ker<% © ryf) - (ry+ ® Ker^Vs) and (KerP^^ © % ) - (^2+ © KerPtys) 
as constructed in §3.1.2 of T. This link is obtained by constructing a families 
index map for a submersion of the form TTi xId[o,i] : Mx[0, 1] — >i?x[0, 1]. This 
construction can be extended to the case of a double submersion in the following 

form M X [0, 1] "''^^''-'i b x [0, 1] 5- x [0, 1], and the compatibility of 

canonical links either for linked data or for one and for two submersions follows. 
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3 Flat iC-theory: 



3.1 Leray spectral sequence: 

Consider some flat vector bundle {F, Vp) on M, let G' = H'{M/B, F\m/b) be 
the graded flat bundle on B of the F- valued cohomology of the fibres of tti , (with 
flat connections Vq.) and H' = H'{M/S,F\m/s) be the graded flat bundle on 
S of the F- valued cohomology of the fibres of tt2 o tti (with flat connections \7h' ; 
of course in the notation of section 3.3 of [2] T^itF = ® G', 7r|j^F = © 

i even ■ i odd 

and similarly for H' and (7:2 ° ''^i)\F). 

The vertical F- valued de Rham complex il* [M / S, F) along M / S is filtrated 
by the horizontal degree: for any p, F^U,' {M / S,F) consists of F- valued dif- 
ferential forms whose interior product with more than p elements of TM/B 
vanishes. Thus H' is also filtrated from this filtration: F^H* consists of classes 
which can be represented by some element in F^il' {M/ S, F). This filtration is 
compatible with the fiat connections of H' , so that for any p and fc, 

— > FP+^H'' FPH^ ^ pPH^ipp+^H^ — , (11) 

is an exact sequence in the category of flat bundles. The corresponding flat 
connections will be respectively denoted by V^p+i^t, Vpp^k and Vp/^.. 

It is proved in [7] Proposition 3.1 that the associated spectral sequence gives 
rise to flat vector bundles (F^'*, V^''') on S with flat (parallel) spectral sequence 
morphisms dr : F^^"? — > i;p-'-,9+'-+i (and E^'^^ = KerdrlB^;.' /(Im^ n FP'«)). 

It is a classical fact (see ^ theorem 2.1) that this spectral sequence is iso- 
morphic to the Leray spectral sequence, and thus Ff''' = HP{B / S.C^) while 
FP'9 ^ pPRP+'i/FP+^HP+i for aU sufficiently great r. 

Put F+ = ® F^'* and E~ = © F^'^, and denote their direct sum 

p+q even p+q odd 

(flat) connections by V+ and V~. The construction of formulae (5) and (6) 
of [2] for the complex associated to dr produces for any r > 2 a link between 
F+ — E~ and E^^-^ — E~_^-^. Decomposing this complex in direct sums of short 
exact sequences in the classical way proves that this link is a sum of links of 
the form appearing in relation {iii) of definition 1 in 2 , so that the element 
[F+, V+] - [E-,V-] e Kl^^{S) is independent of r. 

For r = 2, this is nothing but 7r2!([G+, Vg+] - [G", Vq-]) = ttsi (ttii [F, Vi?]) . 

In the other hand, it follows from (fTTj) that the element 

p-i 

[FPH',VF.H']+J2[F'HyF^+^H',V,/,] G K^^,{S) 

i=0 

is independent of p. For p = 0, it equals [H', \7h] = {t^2 ° 7ri)![F, V^], while for 
sufficienly great p and r, it equals [F+, V+] — [F^, V^^]. Thus 

Proposition. 7r2\ o vrii = {^2 o tti): : K^^^{M) — > K^^^{S). 
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3.2 Compatibility of topological and sheaf theoretic links: 

Two links between E+ - = ttsi (tth [F, Vf]) and H+ - R- = (ttz otti)! [F, V^] 
are now available: the link [^top] constructed in subsection 12.61 and the sheaf 
theoretic one [^flat] constructed just above from the Leray spectral sequence 
and the filtration of H' (fTTjl . 

Proposition 1. [4op] = [4at] 

Proof. We will use the Hodge theoretic version of the Leray spectral sequence 
(at = 0). Such a theory was studied by various authors in various contexts 
[5] [S] [1] Hj the version corresponding to the situation here in explained in 
U §2 and §3. It can be summarized as follows: is nothing but £m/s (see 
([1])) as global infinite rank vector bundle over S. Then there exists a nested 
sequence of vector subbundles Er of E^ = £'o which are for all r > 2 of finite 
rank and endowed with canonical flat connections V^. This sequence stabilizes 
for sufficiently great r. For any r, there is some canonical isomorphism Ej. = E^. 
with the corresponding term of the Leray spectral sequence, for r > 2 it makes 
Vr and Vr correspond to each other. All the Er are naturally endowed with the 
restriction of the hermitian inner product on £m/s (which needs here to be 
obtained from some riemannian submersion metric). Finally for any r, let d* be 
the adjoint of the bundle endomorphism dr corresponding to the operator of 
the spectral sequence, and define Vr — dr + d*, then Er+i :— KerVr- 

For r = 0, do = d*^/-^, so that Ei identifies throw fibral Hodge theory with 
El — il{B/S, KeiV^) = il{B/S, G*) in the notations of the preceding paragraph. 
Thus El identifies with vertical differential forms with values in tthF, where 
"vertical" is to understand with respect to the fibration tt2. Let pi be the 
orthogonal projection of Eq onto Ei; then di = pid^ acting on Ei, so that 
E2 = Ker{piV^ \^^) identifies with fibral harmonic G"-valucd differential forms, 
hence with 7r2! (tthF). 

For any r > 2, Er can be described as follows ([7 Proposition 2.1): 

Er — {sq e Sm/s such that there exists si, S2, . . . , Sr-i £ £m/s verifying 



V^so = 0, V"sa+V^si=0 and 
(lt + I't)si-2 + 'D^s.^i + V^s., =0 for any 2 < i < r - 1} 

(12) 

Then in this description P^so — Pr{{i-T + '-T)*r-2 + Sr-i), where pr is the 



and ip vanish) to pr{X — I?r) ^Pr ([I] Theorem 2.2) for sufficiently large r. One 




Use now the convergence of the resolvent 
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can deduce that the orthogonal projection pe of £m/s onto KeiV^ converges at 
9 = to Pr- In other words KerV^ is the restriction to S* x (0, 1] of some vector 
bundle on 5 x [0, 1] whose restriction to 5 x {0} is Eoo- There is a bigrading on 
£m/Sj from ([1]) according to horizontal (i.e. corresponding to Q') and vertical 
(corresponding to the grading of £m/b) degrees. Eoo decomposes with respect 
to this bigrading f5 theorem 6.1. Consider some sq S and call 
for any i the corresponding component of the Si introduced in ()12p . The above 
description of dr proves that for any sufficiently large r the differential form 
So + s^'*'^''^""^ + . . . s^!"'"'''''"'' is closed. According to the scaling appearing in ^ 
the section (so +^'si'^^''^~^+6'^ 52^^''"^ . . . 6^ s'P'^^''^~^) is the rescaled harmonic 
form corresponding to some fixed cohomology class. Its obvious convergence 
to So at = proves that the isomorphism between Kerl?^ ad Eoo provided 
by the parallel transport along [0, 1] exactly corresponds to the isomorphism 
[H* , Vh] = [£"', Vr] obtained at the end of i^B.ll from the exact sequences (|TT]) . 

In the notations of paragraph 12. 6[ fZ — KerP^, so that one can take here 
£1 = 0. The convergence of the resolvent (A — {^Y 2?^) to Pr{\ — T>r)~^'Pr 
([7] Theorem 2.2) for any r gives the following description of the vector bundle 
Q over S x [0, ei]: its restriction to x {6*} is the direct sum of eigenspaces of 
Vq corresponding to "little" modulus eigenvalues while its restriction to 5 x {0} 
is the direct sum of the Er, each Er corresponding to eigenspaces associated to 
eigenvalues of order less than or equal to 0'^~^ . For any positive 6, {Q, dP) form 
a complex whose cohomology is IC. Accordingly, the canonical link between 

— and /C+ — /C^ is provided either by formula (5) (using d^) or (7) 
(using P^) of [2]. In the same way, the canonical link berween E^_-^ — E~_^ 
and i?+ — E~ is obtained from dr by formula (5) of [51 and it corresponds 
to the canonical link between E^_t^ — E^-i E^ — E^ obtained from Vr by 
formula (7) of [2] . The convergence of the resolvents also prove that the operator 
{^Y'^V^ on the suitable eigensubspace converges to and accordingly for 
{\Y~^d^ and dr- Thus, the canonical (topological) link between t/+ — Q~ and 
/C+ — /C^ converges to the canonical (sheaf theoretical) link between i?^ — E2 
and i?+ — E^ considered in the preceding paragraph. 

Combining this with the considerations on the limit up to 6* = of KerP^ 
proves the proposition. □ 

4 Relative A'-theory: 

Theorem, tts* o tti, = (ttz o tti), e Hom(X^"^i(A/), X°,i(S')) 

Proof. Take some (S, Vb, F, Vf, /) £ K^^yiM), then tt2*otti^{E, Ve,F, Vf, /) is 
of the form (7r2!07ri!(i?, Vf), 7r2!07ri!(F, Vf), [i]) while (7r2 07ri)*(i?, Vf, Vf, /) 
is of the form ((tts o 7ri)!(£', Vf), (7r2 o 7ri)!(i^, Vf), K]) where [£] and [f] are 
suitable classes of links. 

Consider the pull-back i? of to Af x [0, 1] with some connection V whose 
restrictions on Af x {0} and M x {1} respectively equal Vf and f*VF- There is 



10 



a canonical (topological) class of link [£] between one-step and two-step direct 
images of E whose restrictions to M x {0} and M x {1} coincide with [f^p] ^^'^ 
[^top] (with obvious notations from the preceding subsection, this is because 
of the naturality of [^top])- Now [£] and [£'] both correspond to the parallel 
transport along [0, 1] for one step and two step direct image respectively. It 
follows that 

TT2* o ni4E,\/E, F,VfJ) - {^2 o tti)4E,\/e, F,\/fJ) = 
= (^2! o TTv. {E, Vb), (7r2 o 7r,),XE, V^), [ffj) 

- (712! O TTlKF, Vf), (7r2 O 7ri)!(F, Vf), [Cp]) 

But in both cases [^top] = [^flat] and ^flat is only obtained from exact sequences 
in the category of flat vector bundles (either from the flat complex associated to 
dr or from (fTTj) ). Thus both terms in the right hand side of the above equation 
vanish, and this proves the theorem. □ 



5 Multiplicative and free multiplicative iC-theory: 

Consider the vector bundles ^ on AI, F+ and F~ on B and G+ and on S 
(with connections V^, Vp--, V(3+ and Vq-) such that 

[F+]-[F-] = ^f:K] G <p(B) and [G+]-[G-] = {7r2on,)f^[^] e <p(5) 

Choose some smooth supplementary subbundle T^M/S of TM/S in TAf, such 
that T"MIS n TAf/B = T^-/; then ni^T^M/S is a smoth supplementary sub- 
bundle of TB/S in TB. One can define connections ^tm/Bj ^tm/s and Vtb/s 
on TAf/B, TA//5 and TB/S" as at the beginning of the proof lemma 12 of [2] 
from the choices of horizontal subspaces T^M, T^M/S and Tri+T^AI/S* respec- 
tively. Let [£f] and [£g\ be equivalence classes of links between either _F+ — F~ 
or G"*" — G~ and bundles provided with the families analytic index construction 
(as in definition 7 of [3J), and denote ti = t{V^,Vtm/Bj'^f+ I'^F- A^f\) ^'^'^ 
ri2 =T(Ve,VTAf/s,VG+,VG-,[£G]). Thus 



7r]^"(e,Vc,a) - f Vf.+ , / e(VTM/B)« 1 - (F", Vf.-,ri) G K,^{B) 
\ Jm/b J 

and (^2 7ri)p"(e,V5,a) = 

= (g+,Vg+, / e(VTA//s)a) - (G", Vg- , ri2) G Xch(^) 

Take vector bundles H^^ , , H ^ and H^^ on S (with connections V++, 
V+_, V_+ and V__) such that TTa^i^^] = - [H^^-] G A'0,p(S'). Consider 

some equivalence class of links and [£^] between — and bundles 
provided with the families analytic index construction and denote by t± the 
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forms T{Vp± , Vtb/s, V±+, V±_, [e±]). Then 

V Jb/s Jai/b I 



-(i/+-,V+-,r+)- (^H-+,V-+, J^^^e{VTB/s)r?j ,V— ,r_) 

Now G+ - G- and {H++ © i/— ) - {H+~ © are linked throw [ic], 

[£_] and the construction of H2.6I Call [^top] the resulting link and ch([i?top]) the 
associated Chern-Simons form as in §2.2.5 of P^, then 

\ Jm/s ) 

- (g-,Vg- ,r+-T_- ch([£top]) + j^^^ e(VTB/s)ri j 

Choose any supplementary subbundle of T^M in T^M/S, it then identifies with 
TT^TB/S and is endowed with the connection t^i'^tb/s- Denote by Cm/b/s the 
form e{VTM/S: ^tm/b © TrlV\TB/s) defined in §2.2.2 of [2], then the following 
form 

eM/B/sda + (e(VTA//s) - t^i (e(VTB/s))e(VTA//s))a 
is exact so that in KchiS): 

nfri^frit^i,o.)) = ( G+,Vg+, / e(VTA//5)« ) - (G-,VG-,fi2) 
\ Jm/s ) 

with fi2 r+ - T_ - ch([4op]) + / e^TB/s)'^\ ~ / ^M/B/sda 

Jb/s Jm/s 

Theorem. The restriction to AIK'^{M) of T^f^onf^ and (7r2 7ri)p" coincide. 

Proof. For any V^, a) G MKo{M), one has c?a = ch(V5) — rk^ but for degree 
reasons Jj^^^g bm /b/s vanishes (the degree of this form equals dimAf — dimS" — 1 ) . 
So, the problem is reduced to the equality of ri2 and of 

ri2 = T+ - r_ - ch([4op]) + / e(VTB/s)n + / SM/B/scH'^d 

Jb/s Jm/s 

for any (C, V^,^) G MK°{M). 

It is easily verified that T12 is additive in the sense of lemma 8 of [3], is 
functorial by puUbacks over fibered products (with double fibration structure!); 
a direct calculation proves that it verifies the same transgression formula as T12 
(see formula (12) of [3]). Moreover, in the case of a flat bundle ($,Vj), 
here correspond to in §3.11 G* here correspond to of §3.11 and 
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here correspond to E2 of and in any case, the suitable data are taken 
trivial because all bundles are flat. Thus all the forms r+, t_ and ri vanish (see 
lemma 8 of ch(V^) = rk^ so that the integral involving Bm/b/s vanishes, 
and ch([£top]) also vanishes, because of proposition [T] and lemma 6 of [21] (and 
the description of [^fiat] of proposition [T] as obtained fom exact sequences of flat 
bundles) . 

The coincidence of T12 and T12 for elements of MKo{M) is then obtained 
from the caracterisation of theorem of §2.7.2 in |3]. □ 

It is likely that T12 = T12 in any case, so that 

7r^"(7rf,"(^, Vj, a)) = (O, 0, T12 - T12) = ( 0, 0, / cm/b/scH^, V^, ) 

\ JM/S ) 

for any (^, V{,q;) € Kch_{M) (where ch(^,V5,Q;) = ch(V5) — da vanishes on 
MK^(My). This formula would be compatible with the preceding theorem and 
with the anomaly formulas (13) and (14) of [3]. 
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